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ABSTRACT. In this study, we propose a new algorithm for image denoising by
using double stranded Bezier curves based smoothing technique. The algorithm
is developed to solve energy minimization problems with non-smooth total
variation norm (TV). In order to demonstrate the efficiency of the algorithm
we apply it to some numerical examples. The experimental results are reported
and they are compared with the results obtained from TV algorithm with
hyperbolic smoothing and standard TV algorithm.

1. Introduction. Image processing is indispensable in many interesting branches
of science such as astronomy, medical imaging, microscopy and etc. However the
obtained images are noised and degraded due to many different reasons [15, 20, 21,
24, 26]. Therefore, the image restoration phase constitutes one of the important
part of the image processing problems. The image restoration problems are ill-posed
and included in NP-Hard class of problems [5, 9, 18, 19]. In this study, we consider
the well-known ROF (Rudin-Osher-Fatemi) model for image restoration problems
[22]. The problem is stated by

minl/(u—y)de—i—)\/ |Vu|de, (1)
2 Ja Q

u

where y(z) is observed image, z = (z1,22) € Q C R%, A > 0 is a parameter. The
origin of (1) is Euler Langrange equation which is expressed by

E(u) = /E(u,u’)dm,
where )
Llu) = S =yl + A

and u' = 2—;. The necessary condition for minimality of E(u) is expressed by
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Therefore, necessary condition for optimality for (1) is stated as

Vu
—y—Adiv | =— | =0.
oy (IVUI)
For more details, we refer to [6, 11]. Parallel to the above formulation we con-

sider discrete version of the ROF image restoration model which is defined by the
following:

min f(u):F(u)+/\Z‘diTui|, (2)

uER™

where F' : R" — R is a smooth function, p is a regularization parameter and d! € R”
is the i — th row of the matrix D which is defined as

1 -1 0 0 - O

0o 1 -1 0 0
D= )

0 0 0 1 -1

We define the function F'(u) as
1
F(u) = 5 |[Hu =y (3)

where H € R™ x R™ is a matrix of type the block-Toeplitz-Toeplitz-block type and
y € R™ is observed image. It is easy to see that problem (2) is non-smooth due
to the existence of the absolute value function [9, 10]. It is a vital drawback for
well-known optimization algorithms. One of the important methods of eliminating
this drawback is smoothing techniques [25]. The idea of these smoothing techniques
depends on the approximation to the non-smooth function by a family of smooth
functions. After the smoothing process, gradient based methods are available to use
in order to minimize the smoothed function [1, 2, 7, 27]. Therefore the numerical ap-
plications of well-known algorithms with smoothing functions have been intensively
studied for many years. The first studies on smoothing techniques were seen in 1975
by Bertsekas [3] and in 1980 by Zang [29]. One of the corner stone of the smoothing
studies was presented by Nesterov [17]. The comprehensive overview on different
smoothing techniques can be found in [8, 13]. There are many interesting studies
on solving regularization problems by using smoothing techniques [4, 14, 28]. It is
revealed that using a nonsmooth regularization term in image restoration problems
has remarkable advantages [4, 9, 16].

It is seen that the smoothing techniques are indispensable for solving regular-
ization problems. Proposing new smoothing techniques with adapted algorithms
are useful tools for improving the quality of images. We propose a new smoothing
technique for total variation problems using the Bezier curve in this study.

2. Preliminaries. Throughout the paper, v/ stands for the local minimizers and
u* stands for the global minimizer. Ry denotes the non-negative real numbers
and || - || denotes the Euclidean norm. For any subset A C R™, A¢ denotes the
complement of the set A.

The smoothing function is defined as follows:

Definition 2.1. [7] Let f : R® — R be a continuous function. The function
f:R™ xRy — R is called a smoothing function of f(u), if f(-,&) is continuously
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differentiable in R™ for any fixed ¢, and for any x € R”,

lim Of(z,g) = f(u).

zZ—u,e—

The Bezier curves are successfully used for smoothing of the “min” operator
described in [23] to obtain a filled function for global optimization. We construct
a new smoothing function for penalty term by applying the Bezier curve. A Bezier
curve of degree n is defined as follows:

Definition 2.2. [12] A Bezier curve of degree n is a parametric curve with control
points Py, P, ..., P,, and it is expressed in terms of Bernstein polynomials given by

o= (1) a-oe

where the binomial coefficients are

)= i!(v?ii)!’ 0<i<n,
‘ 0, else.

Therefore, a Bezier curve of degree n is explicitly defined by

B(t):zn:Bf(t)Pi7 telo,1].

3. The Bezier Curve Object Smoothing Technique. In this section we con-
sider the Bezier curve based smoothing technique in [23]. First, we recall a descrip-
tion of the smoothing technique as follows: Let us define the function A : R — R
such that h(t) = |t|. The function h(t) is re-stated as

h(t) = txa(t) — txae(t), (4)
where A = {t e R:¢>0} and x4 : R — R is an indicator function of a set A
defined as

1, teA,

xa(t) —{ 0, t&A.
Moreover, the relation xae(t) = 1 — xa(¢) is hold. It is seen that function (4) is
non-smooth due to the existence of the indicator functions. The key idea behind
this smoothing technique base on the following philosophy: If the indicator func-
tion x4 (t) is smoothed, then smoothing function of h(t) is obtained. Therefore,
it is offered to construct a smoothing function by the help of Bezier curves. The
smoothing function is obtained as follows:

h(t,e) =txa(t,e) —txac(t,e),

where x4 (t, ) is the smoothing function of indicator function y 4(¢) and

0, t< —e/2,

5 _ ) (t+0.5¢)?

Xal(t,e) = g (Be-2(t4052), —g/2<t<e/2,
1, t>e/2.

Moreover, the property Xac(t,e) =1 —xa(t, ¢€) is hold for the smoothing functions.
It can be easily verify that the function h(¢,¢) is continuously differentiable on R.

Lemma 3.1. For anyt € R and e > 0,

0 < h(t) = h(te) < (5)

€
>



4 AHMET SAHINER AND NURULLAH YILMAZ

Proof. Since xa(t) = xa(t,e) when t ¢ [-5,5], it is enough to show that the

inequality (5) holds for any ¢ € [~5, §]. For € > 0 we have
0 <h(t)—h(t,e) = txa(t) —txac(t) — (tXa(t,e) — txac(t,e))
= 2t (xa(t) — xal(t,e))
< =
-2
This completes the proof. O

It can be concluded from Lemma 3.1 that h(t,e) — h(t) as € — 0. The aim of
this smoothing technique is to eliminate the disadvantage which is arisen from the
existence of absolute value function in image restoration model in (2). By applying
the smoothing technique to the problem given in (2), the function f (u,€) is obtained
as

7 1 2 - T
min f(u,e) = 5llu—yl +/\Z;h(di Ui €) . (6)
The following results provides the convergence of the smoothing technique for the
image restoration model in (6).

Theorem 3.2. Let u € R™ and € > 0 then,
0< f(u) - flue) <

Proof. From Lemma 3.1 we obtain

f(w) )\Zh (df u;) — iﬁ d} u;,e)

—)\Z( h(dTu;) — h(dTu;, e ))

)\ne
<—
- 2

Ane
=

O

Theorem 3.3. Suppose that {e;} — 0 and u’ is a solution of (6). Assume that
is an accumulation point of {uj}. Then @ is an optimal solution for (2).

Proof. The proof is obtained from Theorem 3.2. O
Theorem 3.4. Let u* be an optimal solution for the problem (2) and w be an
optimal solution for the problem (6). Then we have the following:

Ane

0< fu) - flme) < 5. ®)

Proof. From the Theorem 3.2 we have the following:

fu*) = f(u*,e) <f(u*) — f(u,e)
<f(u) - f(u,e)
Ane
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4. Algorithm. In this section, we offer a new algorithm in which the smoothing
parameter is adaptively tuned until the best solution is obtained. This new algorith-
m is called as Smoothing Image Restoration Algorithm (SIRA) and it is designed
as follows:

Smoothing Image Restoration Algorithm (SIRA)
Step 0 Determine the initial point v and 7 = 10~#. Determine sufficiently small
€90 >0,0<n<1andlet k=0 and go to Step 1.
Step 1 Use v/ as an initial point to apply an image restoration algorithm and let
v3*! be the solution.
Step 2 If ||v/*1 — v9|| < 7, then stop and v/*! is the optimal solution. If not,
determine €41 = ne;, and j = j + 1, then go to Step 1.

The convergence of SIRA can be obtained by considering the Proposition 10
in [1]. On the other hand, SIRA has to be combined with an image restoration
algorithm. Hence, we have been used the Gradient Descent algorithm for our image
restoration model given in (6). The Gradient Descent iteration is defined as

Pt = b — 7 (u—y — Mdiv (Vh(u,e))) 9)
and the stopping criterion is designed as
[u* —u*
<, (10)
Il

where 7 is a positive parameter. The proposed image restoration algorithm is the
following:

Image Restoration Algorithm with Bezier Curve Object Smoothing
(IRA-BCOS)

Step 1 Determine the parameters A and assign u° = v7 and k = 0.
Step 2 If Eq. (10) is satisfied then go to Step 4. Otherwise go to Step 3.
Step 3 Set k = k + 1 and compute u* by using Eq. (9) and go to Step 2.

Step 4 Stop and assign v/ = u*.

The IRA-BCOS is obtained by modifying the algorithms in [20, 22] according to
model in (6) and Bezier curve based smoothing technique. Thus the convergence of
IRA-BCOS can be obtained similar to the studies [20, 22].

5. Numerical Results. We perform the numerical experiments on the four differ-
ent test images in restoration problem by considering SIRA. Numerical results are
obtained by using Matlab R2015A on PC with configuration of Intel Core i3, 8GB
RAM. The test images are House image of size 256 x 256, Barbara, Cameraman
and Peppers images of size 512 x 512.

The noisy images are obtained by applying Gaussian white noise with mean
0.01 and variance of 0.01 and, Salt & Pepper noise to the original image with a
noise density of 0.05. The optimization problem is formulated by using (6) for each
image. The stopping tolerance value is determined as 7 = 10~* and 500 iterations
are allowed as a maximum number of iterations. We compare the performance of
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our algorithm with the algorithm in [28] and TV-Algorithm in [22]. The algorithm
in [28], is newly proposed and smoothing TV-Algorithm. The TV-Algorithm is one
of the corner stone of image restoration studies. In order to test the performance of
the algorithms the following parameters are measured: The quality of restoration
is calculated by using Peak Signal to Noise Ratio (PSNR) values and to determine
the speed of the algorithms the total iteration number (Iter) and total running time
(Time) are considered. The detailed numerical results are reported in Table 1 for
each algorithm.

TABLE 1. The computational results.

Noisy Image Denoised by @3 in [2§] Denoised by TV in [22, 28] Denoised by SIRA
Image Name PSNR Iter PSNR  Time Iter PSNR Time Iter PSNR  Time
Barbara 20.156 112 24.684 13.757 124 24.661 14.278 29 22,117  14.249

18.161 89  23.340 9.0128 99  23.147 11.554 26 23.409 11.890
Cameraman 20.217 88 26.643 129414 129 26.497 15.26 27 25.305 15.215
18.149 93  25.201 11.0368 102 24.943 10.336 26 25.475 11.772
House 20.143 45  26.806  0.8385 111 26.186 2.2779 28  27.230 2.2232
18.299 52 25.590 0.7164 88  25.368 1.7774 23  25.613 1.2895
Peppers 20.075 86  27.496  10.9760 140 27.111 14.11 26 27.782 13.313
18.307 111 26.980 11.7570 108 25.687 11.339 23 27.238 11.925

In the first experiment, we consider Barbara image in Fig. 1 (a). SIRA is
applied to the image and denoised images shown in Fig. 1. The numerical results
are reported in the first part of Table 1. We see that SIRA presents the best quality
image for Salt & Pepper type noised image. As the second experiment, SIRA is

Original File

denoised by SIRA

-

FIGURE 1. The noisy image and denoised images.

applied to the Cameraman image and denoised images are shown in Fig. 2. The
numerical results are reported in the second part of Table 1. The SIRA provides best
quality restoration for Salt & Pepper type noised image. At the third experiment,
SIRA is applied to the House image and denoised images are shown in Fig. 3. The
numerical results are reported in the third part of Table 1. SIRA provides the best
quality restoration for both Gaussian and Salt & Pepper type noised images. At
the last experiment, SIRA is applied to the Peppers image and denoised images
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Original File
- e
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FIGURE 2. The noisy image and denoised images.

Original File Gaussian noise with ©=0.01 denoised by SIRA

Original File denoised by SIRA

FIGURE 3. The noisy image and denoised images.

are shown in Fig 4. The numerical results are reported in the last part of Table 1.
SIRA provides the best quality restoration for both Gaussian and Salt & Pepper
type noised images.

According to all numerical results, the SIRA is superior than the Algorithm 1
with ®3 in [28] and standard TV algorithm [22] by considering all of the Salt &
Pepper noised images. The SIRA presents better PSNR results on 50% of the total
experiment. It is concluded that SIRA is more effective on restoration of Salt &
Pepper noised images than the Gaussian noised images. On the other hand, the
SIRA has a superiority among all algorithms in terms of total iteration numbers.
The total CPU time costs for all algorithms are close to each other. By taking into
account all of these numerical results, it is concluded the SIRA is promising and
competitive.
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Original File

denoised by SIRA
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Original File
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FIGURE 4. The noisy image and denoised images.

6. Conclusion. In this study, we present a new TV algorithm with peculiar s-
moothing. This new smoothing technique presents better approximation to original
problem and tenders better numerical results in solving image restoration problems
than the algorithms in [22, 28]. The obtained numerical results are satisfactory
and promising. These results showed that this new double stranded smoothing
technique is convenient for studying such problems.
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